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1 Introduction 

Quantum teleportation has been introduced by Benett et al. and discussed 
by a number of authors in the framework of the singlet state Q. Recently, 
a rigorous formulation of the teleportation problem of arbitrary quantum 
states by means of quantum channel was given in || based on the general 
channel theoretical formulation of the quantum gates introduced in 0. In 
this note we discuss a generalization of the scheme proposed in || and we give 
a general method to solve the teleportation problem in spaces of arbitrary 
finite dimensions. 
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2 Formulation of the problem 

The set of all quantum states on a Hilbert space H, identified to the set of 
the density operators, is denoted by S(TC), namely, 

S{H) = {pe B(H) ; p* = p, p > 0, trp = 1} 

where B(TC) is the set of all bounded operators on TC. 

The following is a generalization of the channel theoretical approach to 
the teleportation problem proposed by ||: 

STEP : Alice has a unknown quantum state p^ 1 ' on a Hilbert space 7Yi, and 
she wants to teleport it to Bob. 

STEP 1 :Two auxiliary Hilbert spaces Ti.2 and 7^3, attached to Alice and to Bob 
respectively, are introduced. 

One fixes a set of (entangled) states 



af 3) ES(H 2 ®H 3 ) (1) 

in the (Alice, Bob)-space, having certain prescribed correlations and 
one prepares an ensemble of the combined system (1, 2, 3) in the state 



pf 3) =P (1 Wf (2) 

on the space TCi <8> H2 <8> Ti.3 



STEP 2 : One then fixes a family of mutually orthogonal projections 

{fi 12> } (3) 

on the Hilbert space Hi £g> Ti.2, corresponding to an observable A : = 
X^F^ and having fixed one index k, Alice performs a first kind 
incomplete measurement, involving only the (1,2) system, which filters 
the (arbitrarily chosen) value i.e. after the measurement on the 
given ensemble @, of identically prepared systems, only those with 
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A = Xk are allowed to pass. According to quantum mechanics, after 
Alice's measurement, the state of the (1, 2, 3) system becomes 




where tr 12 3 is the full trace on the Hilbert space Hi <S> H2 <8> Ti-3- 

STEP 3 : Bob is informed which measurement was done by Alice. This is 
equivalent to transmit the information that the fc-th eigenvalue was 
chosen. This information is transmitted from Alice to Bob without 
disturbance and by means of completely classical tools (e.g. telephone). 

STEP 4 : By making partial measurements on the system 3, that is, on the 
system corresponding to the auxiliary space related to him and not 
to the original system, Bob can obtain the state p^ induced by the 
state (f|) and reconstruct the state p^ on the system lby unitary keys 
provided to him. Notice that this state p( 3 'is unknown by Alice unless 
the ensemble (0) has been prepared by her. 

Here we must distinguish two cases: 

(I) Bob can perform his experiments on the same ensemble of systems 
found by Alice as a result of her measurement 

(II) Bob and Alice are spatially separated so that the situation of case (I) is 
not realizable. In this case Bob has to prepare an ensemble of systems 
in the state p( 123 ) and therefore also this state has to be transmitted 
by Alice by means of classical communication. 

The crucial point of the construction is that, knowing the information 
transmitted by Alice about which measurement was done by her, Bob is able 
to reconstruct in a unique way the original state p^\ of system 1, from the 
state p( 3 \ of system 3. When the state is independent of k, the above 

problem reduces to the channel theoretical formulation of |J. The above 

procedure can be realized by a channel (dual of a completely positive map) 

Al : S (Hi) — > S (Wb) 

composed of the following four channels: 
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(i) A trivial (i.e. product) lifting in the sense of |T| 

7^ : S (Hi) — > S (Hi ®H 2 ® Hz) 



(5) 



ll{p {l) )=P {1) ®°r\ Vp^G^CWO (6) 

expresses the independent coupling of the initial state p^ with the 
state crj: . 

(ii) The second step is described by a measurement type channel 

7r* k :S{Hi®H 2 ® H z ) — > S (Hi ® ft 2 ® W 3 ) (7) 

of the form 

, v g i.) pT (T> g 1.) 

' lPl ; ^(^ 9 i.)r(^«u)' 

where p^ 123 ^ G «S (7Yi ® 7^ 2 ® Hz)-, corresponding to an incomplete first 
kind measurement describing the state change determined by Alice's 
filtering of the eigenvalue of the observable A 

(iii) The third step is defined by the channel a* : S (Hi <8> H 2 <E> Hz) — > 
S (Hz) defined by 

pf = ^ (pf 3) ) = tr 12P f 3 \ Vpf 3 > eS(Hi®H 2 ® Hz) . 
Here tr 12 is the partial trace on the Hilbert space Hi <8> H 2 
< $i, tri 2 g$ 2 > = ^ < ^ n ® $i, Q^ n g> $ 2 >, Q G (8) ft 2 ® W 3 ) 

n 

for any CONS {^ n } of Hi ® ft 2 and any $i,$ 2 G ft 3 . This chan- 
nel a* corresponds to Bob's partial measurement over the system 3 
and describes the reduction, from the state p( 123 ) obtained after Al- 
ice's measurement, to the state p^ 3 \ obtained by Bob. Thus the whole 
teleportation process above is written by the channel 

A* : S (Hi) — > S (Hz) 
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K = K,A-+B = a* O 7T* o 7 * 

The above subscript "/c" means that the channels A£ and A* k A _, B 

(12) 

depend on the choice of Alice's measurement F k . More precisely, 
Vp« e S (Hi) 

(Jf)®!,) (pM®*™) (Ff)®l 3 



A^ (1) = tr 12 



.tr 123 (Ff)®l 3 ) (p^oT) (F, 
Note that the channel A£ is generally non linear. 



(12) 
k 



(8) 



With these notations we can formulate the general mathematical problem 
of teleportation as follows. 

Given the initial Hilbert space Hi, find: 

(1) two auxiliary Hilbert spaces 7Y 2 , Hz 

(2) a family of entangled states af^ on H 2 <8> 

(3) a family of mutually orthogonal projections ji 7 ^ 12 ' 1 j acting on H\®H2 

(4) for each a unitary operator Uk such that the associated unitary chan- 
nel 

u* k :S(Hz) — 

ut{p®)=U k p<®UZ V P (3) eS(H 3 ) 
so that it satisfies the identity 

A*p« = t^pWt^ (9) 

for any and for any state p^ E S(Hi) or at least for p^> in a preas- 
signed subset of S(Hi). 

If the conditions (2), (3), (4)above are replaced by the weaker ones: 



(2') a single entangled state (reacting on Hi ® H 2 

(3') a single projection acting on Hi ® 7^2 

(4') a single unitary operator U such that the identity 

A*p(!) = (10) 

holds for any state G S{H\) and the channel determined by 
and F^ 12 ) , then we speak of the weak teleportation problem. 

The connection between the weak and the general teleportation problem 
is the following. Given a family {<rf 3 \ F^ 2 \ U k } of solutions of the weak 
teleportation problem for each k such that the projections are mutually 
orthogonal, then this family provides a solution of the general teleportation 
problem. In the following section, we shall solve the weak teleportation 
problem, and then we shall use this result to solve the general teleportation 
problem. 

3 Solution of the weak teleportation problem 

In the notations of the previous section, we shall assume that 

N = dim Hi < +oo 

Under this assumption we shall look for a solution of the weak teleportation 
problem in which 

N = dim7ii = dim 7^2 = dim7Y 3 

^ (23) = I^X^I (ii) 

J^HOtfl (12) 

where ip G H2 <8> Hz and £ G Hi <8> H2 are unit vectors. In the following we 
identify F with 

F = |0 (£1 ® 1 3 e Proj(Hi®H 2 ®H 3 ) (13) 
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and we look for a unitary transformation U : H.3 — > 7Yi such that for any 
density matrix p G S(Hi) one has 

tr 12 (F(p®MM)F) = 
tr(F(/> ®|V>(V|)F) 

Under these assumptions, let us fix three arbitrary orthonormal bases: 

(e a ) of H 3 (15) 



(4) of ft 2 (16) 
«) of Wj (17) 

Proposition 3.1 In i/ie notations and assumptions of this section, fix an 
arbitrary N x N complex unitary matrix (A 7Q ) and define 

i>:=^K a \e' h )®\s a ) eH 2 ®Hz (18) 

e=^E £ >^ ( 19 ) 

Then if [/ : 7i 3 — ► 7ii is the unique unitary operator such that 

Ue a (20) 

h 

(existing because of our assumption on the A^'s), the triple (tp, £, U) satisfies 

tr l2 (F(p®\i>)^\)F) = ^U*pU (21) 

for any choice of the density operator p 6 S(7ii) and with F given by (|T^j), 
(1131). " 
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Proof. Notice that under the conditions (|TB| ) and (|T§|), we use in a crucial 
way the finite dimensionality of Ti.2 and 7i 3 . In particular 



2 _ 

h.a 



We do not normalize ip because in all the formulae the corresponding rank 
one projection will enter both in the numerator and in the denominator. For 
F as in (0), one has, using from now on the convenction of summation over 
repeated indices 

^ = ^IO«'l®lO«'l®l3, 

therefore 

F(j>® \il))($\)F = \ ha \ k/3 F(p®\e' h )(e' k \)F®\e a )(e p \ = 
= ^ K)K',peWv'\ ® K)K>, £ ' h )( £ l £ l)( £ l'\ ® \e a ){e p \ = 



hah/3^^',hhA £ '^ P £ 'v)\ £ '!i) ( £ U ® K)( £ 'v'\ ® l £ a}(M 



= ^2 A ha A^(eX,/oe / fc>|e;>(4l ® I £ m>«'I ® l e °X e /*l 
Taking the trace over 7ii ® 7i 2 , this gives 

= -^A/ lQ ,Afe ( 8(£ft,p£fc)|£ Q ,)(e ( g| = —(\ ha e'l l ,p\ k pEl)\e a )(ep\ 
Thus, with the choice of U given by (10), (2) becomes 



which is ([21|). 
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4 Uniqueness of the key 

In this section we discuss the uniqueness of the key uintary operator. 

Proposition 4.1 Let p = ^p 7 P 7 be the spectral decomposition of p G H\. 
Then if U and V satisfy equation (^) with the above p, then there exists 
a unitary operator W from Hi to Hi such that VU* = £W 7 with = 
P 7 WP 7 . Moreover, the equality W^W* = <5 7 yP 7 is satisfied. 

Proof. Suppose U and V are two solutions of equation 1 3 , then 

U*pU = V*pV 

or, equivalently 

VU*p = pVU* (23) 

This means that VU* = W : Hi — > Hi is in the commutant of p. Since W is 
a unitary operator commuting with p, 

WP„, = P 1 W 

is satisfied. Therefore 

W = PjWP^ = W i ■ W i P i = P i W i = W t 
The equalities 

1 = W*W = w*w Y = w;p^p y w y = w*w T 

imply 

W 7 W*, = (5 7 yP 7 . 

Corollary 4.2 LetH be an Hilbert space of arbitrary dimensions. IfU and 

V are two solutions of the weak teleportation problem corresponding to the 
same F andip, then they coincide up to multiplication by a number of modulus 
one. 

Proof. Equation (|23D above implies that in this case the operator VU* 
commutes with all density operators, since they are unitary, it follows that 

V = e %e U for some real number 9. 
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5 A necessary condition 

In the notations and assumptions of the previous section, let us suppose that 
the normalized state vector £ has the form with some constants {t^} 

* = £Vj®< ( 24 ) 



and let us look for the conditions under which the map (14) becomes linear. 



Proposition 5.1 Given £ as in $LQJ and F as in ( \n\ ) the trace 

tr 123 (F(p®\il;)(i;\F) 

is independent of p if and only if the coefficients t k of £ have the following 
form 

t k = e i6 «/VN (25) 



In particular, if the condition ( fgqj above is satisfied, then the map ( \14 ) lin- 
earizes. 



Proof. One has: 

F{p®\4>)(il>\)F = \ ha \ k pF{ P ®\e' h )(e' k \)F®\e a )(e p \ 



\ h a\kpt^da^e")(e", 1 p,e'l)(e'l,\ <g> \e' {e' , , e' h ) {e' k , s' v ) {s' v ,\ <g> \e a ){e p \ 



= K a OL k pt ii t h t k t v , {e' h ,pel)\e'l){e'l, \ <g> \e^)(e' u , \ ® \e a ){ep\ 
Tracing over TCi<S>Ti.2, 

^ha^kpt^thtki^e^ pe k )\e a )(ep\ 
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Since ^ \t^\ 2 = 1, this is equal to 

pe'L)\e«){ep\ 

Taking the 7i3-trace, we find 

^ha^kathtki^h, pe'k) — \th\ 2 (z'hi P £ h) 

because of the unitarity of A a)i g. If follows that the problem linearizes if and 
only if 

l*fc| 2 | £ fc)( £ fcl = c = constant 

k 

and this is equivalent to: 

\t k \ 2 = c; Vk = l,...,N 
Consequently c = N and fl25|) follows. 

6 Solution of the general teleportation prob- 
lem: the case N = 2 2m 

The remark at the end of section 2 and the result of section 4 show that, in 
order to apply the solution of the weak teleportation problem to the solution 
of the general one, one has to solve the the following problem: find an o.n. 
basis /„ of a finite dimensional Hilbert space 7i, identified to C^, such that 
one can determine the phases a a j (j = 1, . . . , N) so that the vectors 

are still an o.n. basis of C^. If we further restrict the condition requiring 
that e ma - J = ±1, then by considering the two vectors ip a = X^=i £ j ./j > i'P = 
Yl!j=i el3 jfi with i>p — il> the conditions 

j 
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show that a necessary condition for an affirmative answer to the above prob- 
lem is that N is an even number. 



Proposition 6.1 If N = 2 m for some m G N, then the answer to the above 
problem is affirmative. 

Proof. The statement is true for m = 1. Assume by induction that it is 
true for m and consider C 2 ' m+1 = C 2 ' m <g> C 2 = C 2 '" © C 2m . 

Let (ipa) (a = 1, . . . , 2 m ) be an o.n. basis which solves the problem for 
C 2 ™. Then clearly the set of vectors 

JL ( 4> a \ _i_ ( i>« \ 

is an o.n. basis of Q 2m+1 i n Q 2 m+i. 

A more explicit solution of the problem is obtained as follows. We fix 

N = 2 m 

and we choose 

f v := e vi <g> • • • <g> e Vm ; i/ = (i/x, . . . , v m ) G {0, l} m 

i/j G {0, 1} ; j = 1, . . . , m ; e x = ^ J ^ , e = ^ J 



We know that 



So := ^(ei + eo) = ^ ( \ ) ; * := ^ (ei - e ) = 



V2 V - 1 



(26) 



is an o.n. basis of C 2 so that 

9a ■■= Q ai ® ■ ■ ■ ® g am ; a := . . . ,a m ) G {0, l} m (27) 
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is an o.n. basis of C 2 = C 2 "\ However we have 
1 

- m 

<7 ai «> • • • ® <?a m = ^72 + (-l) Qj e ) 

m 

1 v—* . , £ Q--»j)<xj 

E (- 1 ) 3 " 



2 m / 2 

e (-ir- M ^=^ (28) 

^e{o,i} m 



where 



B 1 



In the notations of section 3, let N = 2 m for some m G N and let the 
orthonormal bases (e' a ) of and (e„) of Hi in ([16]), fllTD be two copies of the 
basis e ui ® • ■ ■ (g> e^ m , described in Proposition 6.1. Let (e a ) be an arbitrary 
orthonormal basis of H.3 and let ip and [/ be as in Proposition 3.1. Then, it 
is easy to see the followimg corollary. 

Corollary 6.2 // the vector £ a for each a G {0, l} m is defined by 

^■■=^ E (29) 

M£{0,l} m 

i/ien, /or eac/i a G {0, l} m ; i/je triple {ip, U,l; a } solves the weak teleportation 
problem and the projections 

F a := ® Is 

are mutually orthogonal. 

Remark 6.3 In £/ie above construction, nothing prevents the possibility of 
choosing a different unitary matrix (\jk) f or each a G {0, l} m so that the 
triple {ipa, U a ,^ a } solves the teleportation problem in the general formulation 
of section 2. 
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We here notice that the BBCJPW scheme provides nice examples to our 
results. In their scheme, o^ 23 ) is given by an EPR spin pair in a singlet state 
such as 



,(23) 



where 



\^) = c \ t (2) ) ® 1 1 (3) ) + d\ i^) ® 1 1 (3) ), |c| 2 + \d\ 2 = l. 

with the spin up vector I t) := e i = ^ g ^ an d the spin down vector | j) : = 
e o = ^ 'j' ^ • There, Alice's measurement is chosen in the partition of 

the identity |F fc (12) ; k = 1, 2, 3, 4 j ; 

if 2) = F^ = \^}(^\, 

F M = | C H)(C^|, Ff) = | C W)(C (+) | 

with 



K ( ->> = 


V^(it (1) )® 


1 1 (2) ) - 1 6 


5 1 T (2) » 


l£ (+) > = 


yidt (i) )® 


1 1 (2) ) + 1 § 


5 1 T (2) )) 


ic ( - } ) = 


V/|(IT (1) )® 


1 T (2) ) - 1 6 


^ 1 ! (2) » 


IC (+) ) = 


/|(IT (1) )® 


1 T (2) ) + 1 * 


^ 1 ! (2) » 


The unitary (key) operators £4 (k 


= 1, 2, 3, 4) are given as 



^ = | T (l))( T (S)| + U (l) )a (3)| 
f/2 = | T (l) )(T (3)|_| i (l) )a (3)| 

f/3 = ir (i) )a (3) i + ii (1) )(T (3) i 

c/4^|T (1) )U (3) |-U (1) )(T (3) l- 
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In ||, they discussed a more general example in which cr 2 3 = \ip){^>\ 
E S{H 2 ® H 3 ) with H 2 = H 3 ) = C N and 

N-l 

j=o 

In this case, Alice's measurement is performed with projections of the form 



where 



1 N ~ l 

|C„ OT ) = -7= XI e^b) ® I 0' + m ) mod iV )- 



N z „ 

These states are examples of the entangled states and Alice's projections 
in our general teleportation scheme. 

Finally we note that the channels constructed by the above states are 
linear, and they could show the teleportation of the initial state attached to 
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